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I .  INTRODUCTION 
I t  has  long  been k n o w n  t h a t  t h e   i n t r o d u c t i o n   o f   s w i r l  t o  a 
f low  of   react ing  f luids   can  enhance  the  combust ion  process .  
Schwar tz ' s   exper iment ,   Reference  (l), demonstrated t h a t  
r o t a t i n g  a p ropane -a i r   mix tu re  i n  an annular   combust ion 
chamber r e s u l t s   i n   a p p r e c i a b l e   s h o r t e n i n g   o f  "- t he   f l ame   l eng th .  , 
i nc reased  f 1 ame d i  verge-nce,  improved - ". s t a b i  1 i t y  c i a r a c t e r i  s t i   c s  
> 
a n d  del  ayed  bl  ow-off . > 
Swir l -can   combustors   p resent ly   under   deve lopment ,   Reference  
( 2 ) ,  h a v e   a l s o   u t i l i z e d   f l u i d   r o t a t i o n   a s   w e l l   a s   s p e c i a l  
geomet r i c   con f igu ra t ions  t o  a c h i e v e   g r e a t e r   c o m b u s t i o n   s t a -  
b i l i t y .  
Deta i led   measurements   o f   the   p roper t ies   o f  a t u r b u l e n t  j e t  
diffusion  f lame  with  swir l   have  been  given by Chervinsky,  
Reference ( 3 ) .  Here t o o ,  a s h o r t e n i n g   o f   t h e   s t a b i l i z a t i o n  
a n d  f l ame   l eng ths   w i th   i nc reased   swi r l   i s   obse rved .  A n  
accompanying   ana lys i s   inc ludes  a q u a n t i t a t i v e   e v a l u a t i o n   o f  
t h e   t u r b u l e n t   e d d y   v i s c o s i t y  a n d  P rand t l  number  from the   ex-  
per imenta l  d a t a  f o r   t h r e e   d i f f e r e n t   d e g r e e s   o f   s w i r l .  
A l though   improved   cha rac t e r i s t i c s  o f  mixing a n d  combustion 
wi th   swi r l   have   been   obse rved ,   t he   bas i c   causes   o f   t h i s  
phenomenon a re   no t   we l l   unde r s tood .  A purpose   o f   t h i s   r e -  
p o r t  i s  t o  p r e s e n t  a model t h a t  a c c o u n t s   f o r  some of   the 
e f f e c t s   o f   s w i r l  as a c o n s e q u e n c e   o f   t h e   r o t a t i o n a l   i n s t a -  
b i l i t y  c r e a t e d  by i t s   i n t r o d u c t i o n   i n t o   t h e   f l o w .  
M i x i n g   l e n g t h   c o n c e p t s   a r e   u t i l i z e d  t o  demonst ra te  t h a t  t h e  
add i t ion   o f  a swirl   component t o  the  f low  enhances  the t u r -  
b u l e n t   r a n s p o r t   o f  momentum.  The i m p r o v e d   t r a n s p o r t   i s  
evidenced by a m o d f f y i n g   f a c t o r  t h a t  i n c r e a s e s   t h e   e d d y   v i s -  
c o s i t y   a s  a func t ion   o f   swi r l  a.nd d e n s i t y .  
The mode.1 i s  compared w i t h  the   th ree   exper iments   o f   Reference  
( 3 )  concerning  the  combust ion  of  a f r e e  j e t  i n  a q u i e s c e n t  
medium. I t   i s  shown t h a t  t h e   f o r m u l a t i o n  
2 4  
R 0  J J ~  
a(1+90/N . .) p . u  . r  
i s  i n  g o o d  agreement   with t h a t  d a t a  ove'r   the  range  of  swirl  
p r e s e n t e d .  
I n  o r d e r  t o  e x t e n d   t h e s e   r e s u l t s  t o  t h e   c a s e   o f   f r e e   j e t  com- 
b u s t i o n   i n  a un i formly  moving  medium, a computer  program was 
developed t o  so lve   the   govern ing   f lu id   dynamic   equat ions   wi th  
a f l ame   shee t  model i n c o r p o r a t e d  t o  descr ibe   the   combust ion  
p rocess .   Af t e r   demons t r a t ing  t h a t  t h e s e   r e s u l t s   c o l l a p s e  t o  
t h e   q u i e s c e n t  medium c a s e   f o r  l o w  e d g e  v e l o c i t i e s ,  i t  i s  
2 
found t h a t  t h e  e d d y  v i s c o s i t y  f o r  t h e  j e t  i n  a uniformly 
m o v i n g  medium i s   m o d i f i e d  i n  a manner -   s imi l a r  t o  t h a t  f o r  
t h e  q u i e s c e n t  medium. 
S i n c e   t h e   e d d y   v i s c o s i t y  model g iven   here   impl ies  r a p i d  m i x -  
ing when s w i r l  i s  in t roduced  t o  t h e   i n j e c t e d   f u e l ,   a p p l i c a -  
t i o n s  t o  conf . ined  supersonic   'ombust ion  are   apparent .  T o  
q u a n t i t a t i v e l y   e v a l u a t e   t h e   e f f e c t s   o f   s w i r l  on  supe r son ic  
combustion a computer p r o g r a m  was developed t o  c a l c u l a t e  t h e  
f i n i t e   r a t e   c o m b u s t i o n  of  hydr.ogen i n j e c t e d  from a r i n g  j e t  
i n t o  a n  a i r   s t r e a m   i n  a n  annu la r   channe l .  
A l t h o u g h  mixing i s  even more r a p i d   f o r  a h e a v i e r   f u e l ,  h y d r o -  
gen was c h o s e n   b e c a u s e   i t s   c h e m i s t r y   i s   w e l l  k n o w n .  Even f o r  
t he   hydrogen   ca se   t he   r e su l t s  of t h i s   s t u d y  show t h a t  t h e  
i n t r o d u c t i o n  of s w i r l  t o  t h e   f u e l   j e t   c a n   r e d u c e   t h e  com- 
b u s t o r   l e n g t h  by one  half  a n d  r e s u l t   i n  more uniform  burning 
ac ross  the  wid th  o f  the  annul  us .  
I t  i s   p l a n n e d  t o  e x t e n d   t h e   c u r r e n t   r e s u l t s  a n d  apply them t o  
a v a r i e t y   o f  new combust.or  schemes. 
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11. T U R B U L E N T  MIXING I s l O D E L  
A p h y s i c a l   d e s c r i p t i o n   o f   t h e   i n s t a b i l i t y   o f  a f l o w  f i e l d  i s  
o f t en   g iven   a s   fo l lows .   I f  a f l u i d   p a r t i c l e   . i s  removed  from 
i t s  i n i t i a l  p o s i t i o n  t o  some o ther   one  i n  t h e   f l o w   f i e l d ,  
then   the   background  f ie ld  i s  s t a b l e  i.f a r e s t o r i n g   f o r c e  i s  
e x e r t e d  on  t h e   f l u i d   p a r t i c l e .  The background   f i e ld   i s  u n -  
s t a b l e  i f  a f o r c e   t e n d s  t o  move t h e   p a r t i c l e   f u r t h e r  away 
from i t s  o r i g i n  a n d  n e u t r a l l y   s t a b l e   i f  n o  n e t   f o r c e  i s  ex- 
e r t e d  on t h e   p a r t i c l e .  
F o r  a n  a x i s y m m e t r i c   f l o w   f i e l d   w i t h   r o t a t i o n a l   m o t i o n   t h i s  
c o n c e p t   i s   e a s i l y  p u t  i n  terms  of   the  parameters  o f  t h a t  
f i e l d .  As shown i n  F igure  ( l ) , . a  f l u i d   p a r t i c l e  o r i g i n a t -  
i n g  f rom  rad ius  r l  w i th   dens i ty   p1 ,   swi r l   ve loc i ty  w1 i s  
cons ide red  t o  have  been  displaced t o  a p o s i t i o n  a t  r2. I f  
i t  i s  assumed t h a t  t h e   p r o c e s s   i s   a d i a b a t i c  a n d  t h a t  t h e  
r a d i a l   p r e s s u r e   d i t t e r e n c e s  p l a y  a n  i n s i g n i f i c a n t   r o l e   i n  
de te rmining  l o c a l  d e n s i t y   d i f f e r e n c e s ,   t h e n   t h e   d e n s i t y   o f  
the   par t ic le   remains   unchanged a t  i t s  new p o s i t i o n .   S i n c e  
t h e r e  i s  no t o r q u e   e x e r t e d  on  t h e  p a r t i c l e  i t s  a n g u l a r  mo- 
mentum i s  c o n s t a n t  s o  t h a t .  t h e   s w i r l   v e l o c i t y  a t  t h e  new 
pos i t ion   mus t  be given by 
w - ' - rl"l 
1 
-. 
r2 
5 
F I G U E E  1. F L U I D  P A R T I C L E  D I S P L A C E M E N T  I N  S W I R L  F L O W  F I E L D  
6 
The p r e s s u r e   g r a d i e n t   r e q u i r e d   t o   b a l a n c e   t h e   c e n t r i f u g a l  
f o r c e  o f  t h e  p a r t i c l e  a t  r2 i s  g i v e n  by t h e  e q u a t i o n  o f  
r a d i a l   e q u i l i b r i u m  
-The e x i s t i n g  f low  f ie ld ,   however ,   has   impressed  a p r e s s u r e  
g r a d i e n t  o n  t h e  p a r t i c l e   g i v e n  by 
2 
( % ) 2  = T "  
p 2 w 2  
2 
Thus,  i n  o r d e r   f o r  a n e t   r e s t o r i n g   f o r c e   t o  be e x e r t e d  on 
t h e   p a r t i c l e ,  and s t a b i l i t y  o f  t h e   r o t a t i o n a l   f l o w   f i e l d ,  
This  c o n d i t i o n ,   f o r   c o n s t a n t   d e n s i t y ,  was f i r s t  g i v e n  by 
Rayle igh ,   Reference  (4), whereas t h e  above   phys ica l   descr ip-  
7 
t i o n   h a s   b e e n   a t t r i b u t e d  i n  Reference ( 5 )  t o  von Kgrmsn, 
Reference ( 6 ) .  A m a t h e m a t i c a l   b a s i s   f o r   t h e s e   r e s u l t s  h a s  
been   provided . in   Reference  ( 7 )  by Synge who a r r i v e d  a t  t h e  
' c r i t e r i o n  
S t a b l e  
Neu t r a  1 
Unstable  
A motion t h a t  i s   r o t a t i o n a l l y   u n s t a b l e   c a n   r e s u l t   i n  a s t a t e  
o f  g r e a t e r   t u r b u l e n c e   e x h i b i t i n g   i n c r e a s e d   t r a n s p o r t   p r o p e r -  
t i e s .  I n  o r d e r   t o   d e t e r m i n e   t h e   e f f e c t s   o f   r o t a t i o n a l   i n -  
s t a b i l i t y  o n  t he   eddy   k inemat i c   v i scos i ty ,  s,ome e s s e n t i a l  
f e a t u r e s  o f  the '   Prandt l   mix ing   length   theory  i.n a n o n -  
r o t a t i n g  f ie ld   a re   rev iewed  f rom  Reference  ( 8 ) .  
The eddy   k inemat i c   v i scos i ty ,  E ,  i s .   d e f i n e d  by 
E - = u v  d T i -  1 1  
dr 
i n  t he   ca se   where   t r anspor t  o f  a x i a l   v e l o c i t y   i n   t h e  normal  
( r a d i a l )   d i r e c t i o n   i s   b e i n g   c o n s i d e r e d .  I f  i t  i s  assumed 
t h a t  t he   f l uc tua t ing   componen t s   o f   ve loc i ty   i nd ica t ed  by t h e  
8. 
. 
p r i m e d   q u a n t i t i e s ,   a r e  o f  t h e  same o r d e r ,   t h e n  
E iE a IC' 1 .  [VI I a l ~ l . 1  \TI']. 
d r  
A s  a r e s u l t  of P rand t l ' s   mix ing   l eng th   hypo thes i s  
when 11 i s  t he   P rand t  1 mix ing   length .  
Combining  Equations ( 7 )  a n d  ( 8 )  t h e  P r . a n d t 1  f o r m u l a t i o n   f o r  
eddy v i s c o s i t y  i s  o b t a i n e d  
The eddy  k jnemat ic   ve loc- i ty  may then be wr i t t en   i n   t e rms  o f  
a t u r b u l e n t  e n e r g y  t r a n s f e r  .as 
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This   fo rmula t ion   p roves   u se fu l . fo r   deve lop ing   a rgumen t s  on  
t h e   e f f e c t s   o f   r o t a t i o n a l   i n s t a b i l i t y  o n  t h e   t u r b u l e n t   v i s -  
c o s i   t y .  
In a r o t a t i o n a l l y   u n s t a b l e   f l o w   t h e   c e n t r i f u g a l   f o r c e   p e r  
u n i t  mass impressed u p o n  a n  eddy i s  
I f  i t  i s  assumed t h a t  t h i s  eddy t r a v e l s  a d i s t a n c e  R' befo re  
i t  a r r i v e s  a t  t h e   r e f e r e n c e   r a d i u s   t h e n   t h e  w o r k  done  wil l  
be p r o p o r t i o n a l  t o  
U t i l i z i n g   m i x i n g   l e n g t h   c o n c e p t s ,   t h i s   e x p r e s s i o n  may be 
a r ranged   in   t e rms  o f  t h e   g r a d i e n t s  o f  t h e  mean background 
flow so  t h a t  t he   ene rgy   t r anspor t ed   due  t o  t h e   r o t a t i o n a l  
i n s t a b i l i t y  i s  
10 
A n  argument  based u p o n  ave rage   ve loc i . t i e s   o f  m i x i n g  ( t u r b u -  
l e n t   f l u c t u a t i o n s )   c a n   a l s o  be g iven ;  I n  p r i n c i p l e ,   i t   i s  
i d e n t i c a l  t o  the  previous  argument  b u t  h e r e   t h e   d e t a i l s   w i l l  
be more a p p a r e n t .  
Suppose we l o o k  a t  t h e  r a d i u s  r, of t h e   t u r b u l e n t   f l o w   f i e l d  
a n d  f i n d  some f l u i d  p a r t i c l e s  moving o u t w a r d  a n d  some inward 
i n  an  eddy- l ike   mot ion   as  shown in   F igure  ( 2 ) .  
The d r i v i n g   f o r c e s  o n  t w o  o p p o s i t e l y  m o v i n g  f l u i d  p a r t i c l e s  
should be p r o p o r t i n n a l  t o  t he   d i f f e rence   be tween   t he   p re s -  
s u r e  a n d  c e n t r i f u g a l   f o r c e s .   T h u s ,  
Assuming t h e  same propor t iona l i ty ,   then   f rom  Newton ' s  
second 1 aw an  expres s ion  f o r  t h e  a v e r a g e  r e l a t i v e  v e l o c i t y  
between  the t w o  p a r t i c l e s  may be given by 
F I G U R E  2. R O T A T I O N A L L Y   U N S T A B L E  E D D Y  M O T I O N  
1 2  
I n t e g r a t i n g   o v e r  some a p p r o p r i a t e  m i x i n g  l e n g t h ,  R ,  a n d  
r e p l a c i n g  t h e  r e l a t i v e  v e l o c i t y ‘ b y  t h e  t u r b u l e n t  f l u c t u a t i o n  
then 
d r  . 
To f i r s t  o r d e r  t h i s  may be w r i t t e n   a s  
which i s  i n  agreement w i t h  t h e   p r e v i o u s   r e s u l t   g i v e n  by E q u a - .  
t i o n  (11) .  
T h e s e  r e s u l t s  f o r  t h e  e f f e c t , o f  r o t a t i o n a l  i n s t a b i l i t y  on  
t u r b u l e n t   e n e r g y   t r a n s p o r t  may now be i n c o r p o r a t e d  i n t o  t h e  
eddy  k inemat ic   v i scos i ty   model .  A d d i n g  t h e   e n e r g y   t r a n s p o r t  
f rom r o t a t i o n   e f f e c t s   f r o m  E q u a t i o n  (11) t o  t h e  t r a n s p o r t  
f rom  usua l   shea r   e f f ec t s   f rom E q u a t i o n  ( 8 )  r e s u l t s  i n  
I 
Where C i s  some c o n s t a n t   r e p r e s e n t i n g   t h e   r e l a t i v e   m a g n i t u d e s  
of   the  two e f f e c t s .   T h i s   c o n s t a n t  must be determined by 
exper iment .  
A n  equa t ion   fo r   t he   eddy   k inemat i c   v i scos i ty   i s   found   f rom 
Equat ions   (10)  a n d   ( 1 2 )  
The q u a n t i t y  may be w r i t t e n   a s  
F o r  t h i s   r e a s o n   t h e   a b s o l u t e   s i g n   a p p e a r s  a b o u t  t h i s   q u a n t i t y  
i n  E q u a t i o n   ( 1 3 ) .   I t  s h o u l d  be  noted t h a t  f o r   r o t a t i o n a l l y  
s t a b l e   f l o w s   t h e r e   i s   t h e   p o s s i b i l i t y  t h a t  t h e   t u r b u l e n t  
t r a n s p o r t   p r o p e r t i e s   o f   t h e   f l u i d   f i e l d   c a n  be reduced  from 
those   o f  a comparable n o n - r o t a t i n g  f l u i d .  
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F o r   f r e e   s h e a r   t u r b u l e n c e  it h a s   b e e n   s u g g e s t e d ,   R e f e r e n c e  
( a ) ,  t h a t   o v e r a l l   d i f f e r e n c e s   w i t h i n   t h e   f l o w   a r e   m o r e  
s i g n i f i c a n t   h a n   l o c a l   g r a d i e n t s .  I f  t h i s   a p p r o a c h   i s   u s e d  
h e r e   t h e n   E q u a t i o n  (13.) c a n  te e x p , r e s s e d   a s  
E = KL [ ( A u ) ~  + C p r l A ( p w 2 )  L I ] 1/2 
w h e r e  L i s  some r e f e r e n c e   l e n g t h   p e r t i n e n t   t o   t h e   g i v e n  
p r o b l e m .  
D e f i n i n g   t h e   t u r b u l e n t   v i s c o s i t y   i n   t e r m s   o f   t h e   e d d y  
k i n e m a t i c   v i s c o s i t y ,   a n d   s l i g h t   r e a r r a n g e m e n t ,   y i e l d s  
T h e   f o r m   g i v e n   h e r e   i s   s i m i l a r   t o   t h a t   u s u a l l y   g i v e n   f o r  
t u r b u l e n t   f r e e   s h e a r   f l o w s   w i t h   t h e   e x c e p t i o n   t h a t  a c o r r e c -  
t i o n   f a c t o r ,  
[l + - CL l A ( p w 2 )  L]l'* , 
Pr ( A u ) ~  
w h i c h   i n c l u d e s   e f f e c t s   o f   r o t a t i o n a l   i n s t a b i l i t y   m o d i f i e s  
t h e  p r o p o r t i o n a l  i t y  c o n s t a n t ,  K. 
I 
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111.  F R E E  JET C O M B U S T I O N  
( a )  Q u i e s c e n t  Medium I n  t h i s   e c t i o n   t h e  eddy v i s -  
c o s i t y   a n a l y s i s  t h a t  has   been   fo rmula t ed   ea r l i e r   w i l l  be a p p l i e d  
t o  t h e   c a s e   o f   s w i r l i n g   f r e e   j e t   c o m b u s t i o n  i n  a q u i e s c e n t  medium. 
The c o n s i s t e n c y  of  t h a t - f o r m u l a t i o n  w i t h  a v a i l a b l e   e x p e r i m e n t a l  
d a t a  i s  t o  b e  examined. 
I t  has  been  shown,  Reference ( 9 ) ,  t h a t  s e v e r a l   r e g i m e s   e x i s t   f o r  
a t u r b u l e n t   s w i r l i n g   j e t   e x h a u s t i n g   i n t o  a q u i e s c e n t  medium. A s  
t h e   d e g r e e   o f   s w i r l   i s   i n c r e a s e d ,   t h e   a d v e r s e   p r e s s u r e   g r a d i e n t  
i n   t h e   a r e a   n e a r   t h e   j e t  i s  s t rengthened   due  t o  t h e  r a p i d  decay 
of angu la r  momentum. A t  l a r g e   d e g r e e s  o f  s w i r l   t h e   p r e s s u r e  
grad ien t   can  become l a r g e  enough t o  cause  a r eg ion  of r eve r sed  
f l o w   ' n e a r   t h e   j e t   e x i t .  Even b e f o r e   t h i s   c o n d i t i o n   i s  met t h e .  
g rad ien t   can  be s t r o n g  enough t o  induce a mdximum v e l o c i t y  a t  
r a d i a l   p o s i t i o n s  away f rom  the   ax i s .  
The c u r r e n t  work i s   c o n c e r n e d  o n l y  wi th  t h a t  regime of s w i r l  
such t h a t  w i t h i n  a s m a l l   f r a c t i o n  of a j e t  r a d i u s  downstream 
t h e  maximum v e l o c i t y   a p p e a r s   a t   t h e   a x i s .  The o b j e c t i v e   h e r e  
i s  t o  p r e d i c t  t h e  e f f e c t  of t h i s  low t o  modera te   degree   o f   swir l  
on  t h e   t u r b u l e n t   t r a n s p o r t   ( e d d y   v i s c o s i t y )   w i t h i n   t h e   j e t  com- 
b u s t i o n   r e g i o n .  The only d . a t a  a v a i l a b l e   f o r   s u c h  a c o r r e l a t i o n  
i s  t h a t  o f  Reference ( 3 ) .  
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Observa t ions ,   Re fe rences  ( 3 )  a n d  ( 1 0 )  , suppor t   the   v iew t h a t  i n  
c a s e s   s u c h   a s   t h i s   t h e   s w i r l   v e l o c i t y  i s  v e r y   . q u i c k l y  ( - 1 5  r a d i i )  
reduced t o  o n e - t e n t h   i t s   o r i g i n a l  maximum q u a n t i t y .   Y e t ,   t h e  
e f f e c t s  o f   swi r l   a r e   s een  t o  p e r s i s t  t o  d i s t a n c e s  of 100  d i ame te r s  
a p p a r e n t l y  t h r o u g h  a l a s t i n g   i n f l u e n c e  on  t h e   t r a n s p o r t   p r o p e r t i e s  
o f  t he   mix tu re .  F o r  t h i s   r e a s o n ,   t h e   c o r r e c t i v e   f a c t o r   f o r  eddy 
v i s c o s i t y   o f  E q u a t i o n  ( 1 5 )  w i l l  be based u p o n  i n i t i a l   j e t   c o n d i -  
t i o n s .   T h u s ,  f o r  P e ” P i ,  t h e   c o r r e c t i n g   f a c t o r   c a n  be expressed  
by t h e   p r o p o r t i o n a l i t y  
Here ,   t he   j e t   r ad ius   has   been   u sed   a s   t he   l eng th   pa rame te r ,   wh i l e  
uniform a x i a l  v e l o c i t y  a n d  s o l i d  body r o t a t i o n  have  been  assumed 
f o r  t h e  j e t  so  t h a t  Apw2 = ( p w 2 )  e v a l u a t e d  a t  t h e   j e t   o u t e r   e d g e .  
I f   t h e   s w i r l   d i s t r i b u t i o n   i s  n o t  s o l i d  b o d y  then ( P W  
be used.  The q u a n t i t y  u / w  i , s   o f ten   t imes   re fe r red  t o  as   the  
R o s s b y  number. F o r  these   assumpt ions  a n d  n e a r   c o n s t a n t   d e n s i t y  
i n   t h e   j e t   t h e   R o s s b y  number i s  r e l a t e d  t o  the   degree   o f   swir l  
by 
2 should 
2SNRo = 1. 
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T A B L E  I 
CHA.RACTERISTICS . ~ O F  F R E E  JET O F  R E F E R E N C E  ( 3 )  
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r j=0 .082   f t ,   T .=30O0K,   1$~=5 .05 ,   Pe=2116   p s f ,  Te=300"K 
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Some o f   t h e   d a t a   o f   R e f e r e n c e   ( 3 )   i s   r e p r o d u c e d  i n  Table  I .  
Resul t s   have  been ob ta ined   fo r   on ly   t h ree   va lues   o f   Rossby  
number.  The r e l a t i o n s h i p   g i v e n  i n  E q u a t i o n   ( 1 7 )   i s   n o t   s a t -  
i s f i e d  by the   ca se   o f   l a rges t   swi r l   (NRo=1 .907)   p robab ly  
i n d i c a t i n g  t h a t  t h e  j e t  s w i r l  d i d  n o t  c o n f o r m   t o   s o l i d  body 
r o t a t i o n .  The i n t e r m e d i a t e   s w i r l   c a s e   ( N R o = 3 . 0 2 )   s h o w s   t h e  
la rges t   d i screpancy   be tween  ca lcu la ted   and   measured   f lame 
19 
l e n g t h .   F o r   t h i s   r e a s o n ,   E q u a t i o n   ( 1 6 )  w a s   m a t c h e d  t o  t h e   d d y  
v i s c o s i t i e s   g i v e n   f o r   t h e   N R 0 = 4 . 5 5   a n d   N R o = 1 . 9 0 7   c a s e s .   T h i s  
y i e l d s  a c o r r e l a t i o n   o f   t h e   f o r m  
2 1 / 2  
N - l  = 0 .00294 ( 1  t 91.1 /NRo)  
Re 
w h i c h   i s   p l o t t e d   i n   F i g u r e  ( 3 )  a n d   s e e m s   t o   b e   c o n s i s t e n t   w i t h  
t h e   r e s u l t s   o f   R e f e r e n c e  ( 3 )  a t   a l l   R o s s b y   n u m b e r s .  If E q u a t i o n  
( 1 8 )  i s  c o r r e c t e d   f o r   c o m b u s t i o n   g a s   d e n s i t y   e f f e c t s   a s   i n d i c a t e d  
i n   R e f e r e n c e   ( 1 2 )   t h e n   t h e   c o r r e l a t i o n   b e c o m e s  
w h e r e  6 i s   t h e   r a t i o   o f   m i n i m u m   c o m b u s t i o n   g a s   d e n s i t y   t o  
a m b i e n t   d e n s i t y .  
0 .020  
0 .C15 
0 .010  
0 .005  
\ a -  o D a t a  o f  R e f e r e n c e  ( 3 )  E c u a t i o n   ( 1 8 )  
0 
0 1 2 3 4 5 
Ro 
FIGURE 3 .  NON-DIMENSIONAL E D D Y  V I S C O S I T Y  ( N R ~  ) V S ,  ROSSBY NUMBER 
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( b )   U n i f o r m l y   M o v i n g   M e d i u m   I n  o r d e r   t o  b t a i n  
a n o t h e r   v i e w p o i n t   o n   t h e   f r e e   j e t   p r o b l e m ,   a n d   t o   g a i n  some 
i n s i g h t   i n t o   t h e   a p p r o p r i a t e   v i s c o s i t y   m o d e l   f o r  a j e t   e x h a u s t -  
i n g  i n t o  a m o v i n g   e x t e r n a l   s t r e a m ,  a c o m p u t e r   p r o g r a m   w a s   d e -  
v e l o p e d   t o   s o l v e   t h e   g o v e r n i n g   e q u a t i o n s   o f   t h e   f r e e   j e t   s y s t e m .  
I n   t h i s   s y s t e m   t h e   e x t e r i o r   r e g i o n   i s   a s s u m e d   t o   h a v e  a c o n s t a n t  
v e l o c i t y .  A s  t h i s   v e l o c i t y   i s  made s m a l l ,   t h e   q u i e s c e n t   j e t  
s o l u t i o n   s h o u l d   t e n d   t o   b e   r e c o v e r e d .  
A f t e r   a p p l y i n g   t h e   b o u n d a r y   l a y e r   a p p r o x i m a t i o n ,   t h e   g o v e r n i n g  
e q u a t i o n s   a r e :  
C o n s e r v a t i o n   o f   G l o b a l   M a s s  
a a 
" a x  ( p u r )  + - ar ( p v r )  = o 
C o n s e r v a t i o n  of E l e m e n t a l   M a s s  
C o n s e r v a t i o n   o f   A x i a l   K d m e n t u m  
C o n s e r v a t i o n  o f  R a d i a l   M o m e n t u m  
p " = a . ?  2 
r a r  
2 1  
Conserva t ion   of   Tangent ia l  Momentum 
Conserva t ion  o f  Energy 
The chemis t ry   o f   the   p roblem  i s   t aken  t o  be s a t i s f i e d  by a 
f l ame   shee t  mo.de1 f o r   t h e   s i n g l e   s t e p   r e a c t i o n  of   Reference   (3)  
The bas ic   assumpt ion  o f  t h i s  model i s  t h a t  a t  every   po in t  i n  
t h e   f l o w   f i e l d   t h e   r e a c t i o n   i s   c o m p l e t e d .   T h u s ,   i n   r e g i o n s  
w h e r e   t h e   e q u i v a l e n c e   r a t i o ,  4 ,  i s   g r e a t e r  t h a n  u n i t y  o n l y  
p roducts  a n d  excess   fue l   a r e   found .   S imi l a r ly ,   whereve r   t he  
e q u i v a l e n c e   r a t i o   i s   l e s s  t h a n  u n i t y  o n l y  p roduc t s  a n d  excess  
a i r   e x i s t .  The e lementa l  mass f r a c t i o n s   u n i q u e l y   d e t e r m i n e  
t h e   s p e c i e s  mass f r a c t i o n s .  The r e q u i r e d   s p e c i f i c   e n t h a l p i e s  
a r e   t a k e n   a s   l i n e a r   f u n c t i o n s  of t h e   t e m p e r a t u r e   a s   i n d i c a t e d  
in   Table  1 1 .  
2 2  
I 
TABLE I 1  
LINEAR ENTHALPY FUNCTION  OF  TEMPERATURE 
Species 
."_ .- 
'2"6 
L.._ 
C3H8 
C4H 10 
'0 2 
2O - .  
02  
N2 
0 
0 
0 
U."..."- 
762. 
1129. 
9 0 5 .  
1037. 
""" 
Ak 
(tal /gm) " ~ -  
1074.0 
"_l"l. 
996.0 
"." 
1 0 0 0 . 0  
" 
-1640 ..8 
-2245.8 
- 
442.2 
" 
480.0 
I 
"k 
(cal /grn"K) - 
1.1100  
"." 
1.0980 
."e 
0.9000 
""" 
0.32782 
0.67856 
0.28216 
0.3072 
Application  of  the von Mises  transformation  to  the  governing 
equations  arranges  them  into a form  more  amenable to numerical 
solution.  The  coordinate  transformation  is  defined by 
where 
23 
This s a t i s f i e s   E q u a t i o n  ( 1 9 )  and   r ecas t s   Equa t ions  ( 2 0 )  - ( 2 4 )  
a s  
2 4  
r e s p e c t i v e l y .  
T h e  a s s o c i a t e d   i n i t i a l  and   boundary   cond i t ions   fo r  t h e  f r e e  
j e t  a r e  
x = 0 :  u = u j ,  a ‘=a % , - b  H = H j  a w = - r k k j  a r max 
j 
The  above  equat ions,   a long w i t h  t h e  p e r f e c t   g a s  law 
p = pRT C ak/Mk 
k 
p r o p e r l y  de.f i ne the  problem.  
A s t r a i g h t   f o r w a r d   e x p l i c i t   n u m e r i c a l   t e c h n i q u e  was used t o  
i n t e g r a t e   t h e s e   e q u a t i o n s .   S u f f i c e  i t  t o   s a y   t h a t  t h e  b a s i c  
d e t a i l s   o f   t h e   n u m e r i c a l  method  can be f o u n d  i n  Reference  ( 1 3 )  
w i t h  t h e  f o l l o w i n g   m o d i f i c a t i o n .  
The i n c l u s i o n   o f   t a n g e n t i a l   a n d   r a d i a l  momentum e q u a t i o n s  i n  
t h i s  a n a l y s i s   r e q u i r e s   t h a t   t h e  normal g r a d i e n t   o f   t h e   p r e s s u r e  
be coupled t o  t h e  a x i a l   v a r i a t i o n   o f   t h e   d e p e n d e n t   v a r i a b l e s .  
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T h i s   i s   a c c o m p l i s h e d  by a s i m p l e   i t e r a t i o n   t e c h n i q u e .   F i r s t ,  
t h e   p r e s s u r e   i s   a s s u m e d  t o  r e m a i n   u n c h a n g e d   a n d   t h e   e q u a t i o n s  
a r e   i n t e g r a t e d   o n e   s t e p   d o w n s t r e a m .  New v a l u e s   a r e   o b t a i n e d  
f o r  t h e   p r e s s u r e   f r o m   t h e   l a t e s t   a n g u l a r  momentum d i s t r i b u t i o n  
b y   i n t e g r a t i n g   E q u a t i o n  ( 2 9 )  f r o m   t h e   e d g e   v a l u e   t o   t h e   a x i s .  
T h e   p r o c e s s  i s  r e p e a t e d   u n t i l   t w o   s u c c e s s i v e   i t e r a t i o n s   y i e l d  
a x i a l   . p r e s s u r e s   t h a t   a g r e e d   t o   w i t h i n  0 . 0 1  p s f .   I n   p r a c t i c e  
n o   m o r e   t h a n   t h r e e   s u c h   i t e r a t i o n s   h a v e   e v e r   b e e n   r e q u i r e d   a n d  
t h e n   o n l y   f o r   t h e   r e g i o n   v e r y   n e a r   t h e   i n i t i a l   p l a n e .  
B e f o r e   a p p l y i n g   t h i s   a n a l y s i s   t o   t h e   e x p e r i m e n t s   o f   R e f e r e n c e  
( 3 )  it i s   n e c e s s a r y   t u   a s c e r t a i n   t h e   o r d e r   o f   t h e   f r e e   s t r e a m  
v e l o c i t y   t h a t   i s   r e q u i r e d  t o  s i m u l a t e  a q u i e s c e n t   e x t e r i o r  
r e g i o n .   U s i n g   a n   e d g e   v e l o c i t y   o f  1% o f   t h e   j e t   v e l o c i t y   a n d  
t h e   t w o   s t r e a m   e d d y   v i s c o s i t y   f o r m u l a t i o n  o f  K l e i n s t e i n ,   R e f e r -  
e n c e  ( l l ) ,  a c o m p u t a t i o n  was  made f o r   i s o t h e r m a l   a i r - a i r   m i x i n g .  
F i g u r e  ( 4 )  d e m o n s t r a t e s   t h a t   t h e   r e s u l t s .   a r e   i n   e x c e l l e n t   a g r e e -  
m e n t   w i t h   t h e   a x i s   v e l o c i t y   d e c a y   p r o f i l e s  o f  R e f e r e n c e s  ( 8 )  
and (11)  i n d i c a t i n g   t h a t  a f r e e   s t r e a m   v e l o c i t y   o f   t h e   o r d e r  
o f  1% u j  i s  s u f f i c i e n t   t o   a c c u r a t e l y   c o m p u t e   a x i s   v e l o c i t y  
d e c a y .  
This a n a l y s i s   h a s   b e e n   u s e d   t o   c o m p a r e   t h e   l i m i t e d   d a t a  o f  
R e f e r e n c e  ( 3 ) .  T h e   d d y   v i s c o s i t y   i s   a s s u m e d   t o   b e   o f   t h e  
f o r m   g i v e n   b y   K l e i n s t e i n ,   n e g l e c t i n g   t h e   p o t e n t i a l   c o r e   a n d  
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w i t h  a c o n s t a , n t   t o  be de te rmined  by matching   the   exper imenta l  
d a t a  
A p a r a m e t e r   o f   g r e a t '   s i g n i f i c a n c e   f o r   c o m b u s t o r   s t u d i e s   i s  
t he   f l ame   l eng th  a n d  so t h i s   i s   t h e   c r i t e r i o n  t h a t  i s  chosen 
for   matching  the  computat i .ons  with K of   Equat ion   (34) .  
Severa l  run5 were made w i t h  i n i t i a l   c o n d i t i o n s   c o r r e s p o n d i n g  
t o  those  of   Chervinsky  (Table  I )  u n t i l   t h e  K ' S  f o r  which  the 
flame  1ength.s  were  in  agreement  could be de t e rmined   (Tab le   111) .  
The f l a m e   l e n g t h   h e r e   i s   d e f i n e d   a s   t h e   d i s t a n c e  a t  which  the 
@=l  l i n e  c r o s s e s  t h e  j e t  a x i s .  
T A B L E  I11 
E D D Y  VISCOSITY CONSTANT AS FUNCTION 
O F  ROSSBY N U M B E R  
. 0 3 1 5  , 0 4 4  . 0 6 9  
I f   t h e   c o n s t a n t  i s  assumed t o  have  the same type  dependence 
u p o n  N R ~  a s  i n d i c a t e d   e a r l i e r ,   t h e n   u s i n g   t h e  l o w  a n d  high 
N R ~  cases   o f   Table   I11   y ie lds  an  eddy v i s c o s i t y ,  
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This r e s u l t  i s  i n  agreement w i t h  t h e  v a r i a t i o n  g i v e n  e a r l i e r  
i n  Equation ( 1 8 ) .  In  t h i s  example i t  was f o u n d   t h a t  r+ should  
be based upon v e l o c i t y  and  n'ot momentum f o r  b e s t  r e s u l t s .  
( i . e .  r i s  t h a t   v a l u e   o f  r where U = %.(ua+Ue)) .  
%. 
A d d i t i o n a l y ,  i n  t he   cu r ren t   example   va lues   o f  NLe=l, N =0.75  
a r e   s i m i l a r  t o  t hose  o b t a i n e d  by K l e i n s t e i n  i n  d i s t i n c t i o n  
f r o m  t h e   a n a l y s i s   o f   C h e v j n s k y .   I n   t h e   l a t t e r  w o r k  P rand t l  
n u m b e r  was f o u n d  t o   v a r y  by more than  two o r d e r s  of  magnitude 
through a downst ream  d is tance  o f  100 j e t   r a d i i .   F i g u r e   ( 5 a )  
i l l u s t r a t e s   t h a t   t h e   a x i a l   v e ' l o c i t y   p r o f i l e s  u s i n g  t h e  c u r -  
r e n t   m a t c h i n g   t e c h n i q u e s   a r e  g o o d  ove r  a l a r g e   p o r t i o n  o f  
t h e  j e t  d e c a y .  
Pr 
The a x i a l   t e m p e r a t u r e   d i s t r i b u t i o n s   o b t a i n e d ,   F i g u r e   ( 5 b ) ,  
a r e  i n  f a i r   a g r e e m e n t  w i t h  those   o f   Reference  ( 3 ) ,  b u t  i t  
must be r e c a l l e d  t h a t  a h u g e  v a r i a t i o n   o f   P r a n d t l  number was 
i n f e r r e d  f r o m  t h o s e   r e s u l t s   w h e r e a s   t h e   c u r r e n t   c o m p u t a t i o n s  
have  assumed a c o n s t a n t  N p r .  The a x i a l   t e m p e r a t u r e   d i s t r i b u -  
t i o n s  g i v e n  here   have been s h i f t e d  by t h e   d i s t a n c e   c o r r e s p o n d -  
i n g  t o  t h e  s t a b i l i z a t i o n   d i s t a n c e   o f  t h e  f l ame ,   Re fe rence  ( 3 ) ,  
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F I G U R E  5 b .  T E M P E R A T U R E   D I S T R I B U T I O N  A L O N G  A X I S  
t o  g ive  t h i s  agreement .  The general   tendency  for   the  computed 
a x i a l   t e m p e r a t u r e  t o  be l a r g e r  t h a n  t h a t  observed may imply 
a breakdown o f  t h e   f l a m e   s h e e t  model i n   t h i s   r eg ime   a s   opposed  
t o  an  increased   Prandt l   number .  
A n  i n t e r e s t i n g   o b s e r v a t i o n ,   i n   a g r e e m e n t   w i t h   p a s t   a n a l y s e s  
i s  t h a t  w i t h i n  a s h o r t   d i s t a n c e  (x / r j -15 )  t h e   s w i r l   v e l o c i t y  
has  been  reduced t o  10% of i t s   o r i g i n a l  maximum v a l u e .   S i n c e  
t h e   s w i r l   c o r r e c t i o n  t o  the  eddy  viscosi ty   has   been  assumed 
t o  be a f u n c t i o n   o f   t h e   i n i t i a l   c o n d i t i o n s  a n d  t h e   s w i r l   v e l o -  
c i t y   d e c a y s  so  r ap id ly ,   t hen   t he   u sua l   mix ing   equa t ions   w i th  
t h e   e q u i v a l e n t   v i s c o s i t y   a r e   s u f f i c i e n t  t o  a t t a i n  t h e  p e r t i -  
n e n t   f r e e   j e t   r e s u l t s .  T h a t  i s ,   i n   t h e   r e g i o n   o f  low t o  
moderate   swir l  i t  i s   u n n e c e s s a r y  t o  s o l v e   t h e  a n g u l a r  momentum 
a n d  r a d i a l   e q u i  1 i b r i  urn e q u a t i o n s .  
To conclude ,  i t  appea r s  t h a t  a n  eddy v i s c o s i t y   c o r r e c , t i o n   o f  
t h e   o r d e r  (1  + 9 0 / N ~ , ' ) ~  c o r r e l a t e s   t h e  few e x i s t i n g   f r e e  
mixing  with  combustion d a t a  in  terms o f  ax ia l   t empera tu re  a n d  
ve loc i ty   decay   as   wel l   as   f lame  length .  
3 2  
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I V .  A N  E X A M P L E  - D U C T E D  RING "- JET COMBUSTION 
In t h i s  sec t ion   t he   p reced ing   r e su l t s   a r e   ex t ended  t o  t h e  
a n a l y s i s  of  the  mixing  and  combustion o f  hydrogen   in jec ted  
f.rom a r i n g  j e t  i n t o  a c o n s t a n t   a r e a   a n n u l a r  a i r  s t r e a m .  
The geomet ry   o f   t h i s   sys t em  i s   g iven   i n   F igu re  ( 6 ) .  
The a n a l y s i s   i n c l u d e s   t h e   i n t e r a c t i o n   e f f e c t s  o f  m i x i n g  w i t h  
f i n i t e   r a t e   c h e m i s t r y .  The i n t r o d u c t i o n   o f   s w i r l   i n t o   t h e  
f u e l  j e t  i s  examined w i t h  r e s p e c t  t o  i t s  e f f e c t  o n  t he   cha r -  
ac te r   o f   the   combust ion   process .  The example  chosen i s  of 
s ign i f icance   for   supersonic   combust ion   where   rap id   mix ing  
between  fuel a n d  a i r   i s   r e q u i r e d .  
I f   t he   p rob lem  i s   cons ide red  t o  be one  of f r e e   s h e a r   m i x i n g  
i n  a conf ined   r eg ion   (neg l ig ib l e   wa l l  b o u n d a r y  l a y e r   e f f e c t s ) ,  
t h e n   t h e   g o v e r n i n g   e q u a t i o n s   a r e   s i m i l a r  t o  t h o s e   o f   t h e   f r e e  
j e t   d i s c u s s e d   p r e v i o u s l y .  I n  t h i ;  f o rmula t ion ,   however ,   t he  
e n e r g y   e q u a t i o n   i s   w r i t t e n   i n   t e r m s  o f  t he   t empera tu re  a n d  
chemica l   spec ies   conserva t ion   rep laces   e lementa l   spec ies   con-  
s e r v a t i o n  i n  o r d e r  t o  i n c l u d e   t h e   e f f e c t s   o f   f i n i t e   r a t e  
chemis t ry  i n  t h e   c a l c u l a t i o n s .   T h u s ,  
Conserva t ion   of   Spec ies  Mass 
3 3  
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F I G U R E  6 .  S C H E M A T I C   O F  A N N U L A R   C H A M B E R   W I T H   R I N G   I N J E C T O R  
C o n s e r v a t i o n   o f   E n e r g y  
T h e   h e a t   c o n d u c t i o n   t e r m   o f   E q u a t i o n  ( 3 7 )  h a s   b e e n   m o d i f i e d  
b y  a t u r b u l e n t   h e a t   t r a n s f e r   t e r m   t h a t   r e s u l t s   f r o m   t h e   r a d i a l  
p r e s s u r e   g r a d i e n t ,   R e f e r e n c e  ( 1 4 ) .  T h i s   t e r m   a c c o u n t s   f o r   a n  
i s e n t r o p i c   e x p a n s i o n   a n d   c o n t r a c t i o n   o f   f l u i d   p a r t i c l e s   f l u c t u -  
a t i n g   b e t w e e n   r e g i o n s   o f   v a r i a b l e   p r e s s u r e .   T h e   t e r m   i s   s m a l l  
f o r   t h e   p r e s e n t   a p p l i c a t i o n   b u t   i s   i n c l u d e d   f o r   c o m p l e t e n e s s .  
A s  i n   t h e   f r e e   j e t   c a s e ,   t h e   e q u a t i o n s   a r e   m o r e   e a s i l y   h a n d l e d  
i n   v o n   M i s e s   c o o r d i n a t e s .   T h e   t r a n s f o r m a t i o n   h e r e   i s  
p u r  = J, 2, p v r  = - J, ?A 
ar ax 
w h e r e  
S i n c e   t h e   c o o r d i n a t e ,  r ,  i s  m e a s u r e d   f r o m   t h e   o r i g i n ,   t h e  
t r a n s f o r m a t i o n   c o m p e l s   t h e   c o n d i t i o n  7pi#0 f o r   t h e   i n n e r   r a d i u s  
s t r e a m   f u n c t i o n .   T h e   v a l u e   o f  $i i s  a r b i t r a r y   a n d  was e v e n t u -  
a l l y   c h o s e n   i n   s u c h  a way  as  t o   e n h a n c e   t h e   n u m e r i c a l   c h a r a c -  
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t e r i s t i c s  o f  t h e   c o m p u t e r   p r o g r a m .   A p p l i c a t i o n   o f   t h i s   t r a n s -  
f o r m a t i o n   r e s u l t s   i n   E q u a t i o n s  ( 2 8 )  - ( 3 0 )  g i v e n   p r e v i o u s l y   a n d  
f o r   E q u a t i o n s   ( 3 6 )   a n d   ( 3 7 ) ,   r e s p e c t i v e l y .  
T h e   e f f e c t s   o f   t h e   w a l l s   c a n n o t   b e   d i r e c t l y   i n c o r p o r a t e d   i n t o  
t h e   a n a l y s i s   b e c a u s e   o f   t h e   d i f f e r e n t   l e n g t h   s c a l e s   i n v o l v e d  
b e t w e e n   t h e   w a l l   b o u n d a r y   l a y e r   a n d   f r e e   s h e a r   l a y e r .   H e r e   t h e  
l a t t e r   i s   t h e   m a j o r   c o n c e r n   a n d   t h e   e f f e c t s  o f  t h e  w a l l  a r e  
a c c o u n t e d   f o r   b y   u s i n g   t h e   r e s u l t s   o f   b o u n d a r y   l a y e r   t h e o r y   t o  
o b t a i n  a s u i t a b l e   s k i n   f r i c t i o n   c o e f f i c i e n t ,   c f ,   b a s e d   u p o n   t h e  
a b s o i u t e   v e l o c i t y .   T h e   c o m p o n e n t s   o f   t h e   f r i c t i o n   f o r c e   a r e  
assumed t o   b e   i n   p r o . p o r t i o n   t o   t h e   c o m p o n e n t s   o f   v e l o c i t y .  An 
a p o s t e r i o r i   c h e c k   s h o w e d   t h a t   t h e   e f f e c t s   o f   w a l l   s h e a r   a r e  
n e g l . i g i b l e   i n   t h e   r e g i m e   a n a l y z e d   h e r e .   T h e   b o u n d a r y   c o n d i t i o n s ,  
36 
t h e n  a re   g iven  by 
I t  i s  n o t  the   purpose o f  t h i s   r e p o r t  t o  d e t a i l   t h e   c o m p u t e r  
programs  developed t o  o b t a i n   t h e   r e s u l t s   p r e s e n t e d   h e r e i n .  The 
numer i ca l   ana lys i s   o f   t h i s   p rob lem  i s   s imi l a r  t o  t h a t  of t h e  
f r e e  j e t  a n d  f o l l o w s   t h e   s t a n d a r d   t e c h n i q u e s   f o r   d u c t e d   f l o w s ,  
Reference ( 1 5 ) ,  with   few  modi f ica t ions .  
When no s w i r l   i s   p r e s e n t   t h e   a n n u l u s   o u t e r  w a l l  r a d i u s   i s   e a s i l y  
3 7  
I 
matched   to  t h e  o u t e r   w a l l   e d g e   s t r e a m   f u n c t i o n  by i t e r a t i o n  on 
t h e   a x i a l   p r e s s u r e   g r a d i e n t .   A l l   t h e   p r o p e r t i e s   a t   h e   n e x t  
s t e p   d a w n s t r e a m   a r e   c a l c u l a t e d   b a s e d  upon  an  assumed pressure 
a t  new a x i a l   o c a t i o n .   I f   t h e   v a l u e   o f  r c a l c u l a t e d   a t  +e  i s  
n o t  w i t h i n  1% o f   t h e   r a d i a l  mesh w i d t h ,  t h e n   t h e   p r o c e s s   i s  
r e p e a t e d   u n t i l   c o n v e r g e n c e .  When s w i r l   i s   p r e s e n t ,   t h e   s i t u -  
a t i o n   i s   c o m p l i c a t e d  by  a r a d i a l   p r e s s u r e   g r a d i e n t .   I n   t h i s  
c a s e  t h e  p r e s s u r e   a t  t h e  n e x t   a x i a l   s t a t i o n   i s  assumed  only 
a t   t h e   i n n e r   r a d i u s   p o i n t .  The p r e s s u r e   g r a d i e n t   a t  a p o i n t  
( + + A + , x )  can be r e l a t e d  t o  t h e   p r e s s u r e   a t  p o i n t  ( + , x )  by t h e  
expans ion  
From Equat ion  ( 2 2 )  
r- 1 
s o  t h a t  t h e  r a d i a l   v a r i a t i o n  o f  a x i a l   p r e s s u r e   g r a d i e n t   c a n  
be e s t i m a t e d   a t   e a c h  s t e p .  The i t e r a t i o n  n o w  procedes  i n  t h e  
same  manner a s  f o r  t h e   z e r o   s w i r l   c a s e .  
The m i x i n g  model i s  somewhat s i m p l i f i e d   h e r e .  The j e t  and f r e e  
s t r e a m  a r e  b o t h  c o n s i d e r e d ,  n u m e r i c a l l y ,  i n  t h e  i n i t i a l  p l a n e  by 
a s s u m i n g   i n i t i a l   p r o f i l e s   a s  a f u n c t i o n   o f   s t r e a m   f u n c t i o n .  
Neg lec t ing  t h e  p o t e n t i a l   c o r e  and   u s ing   t he   eddy   v i scos i ty  model 
38 
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Here   the   l ength   sca le   has   been   taken   as  t h e  annulus  w i d t h  and 
t h e   a v e r a g e   s p e c i f i c   v o l u m e ,  ( 1 / ~ ) , , ~ .  , i s  
The  model a s s u m e s   t h a t   t h e   e f f e c t s  o f  s w i r l   a r e   p r e s e n t   o n l y   i n  
t h e   r o t a t i o r a l l y   u n s t a b l e   r e g i m e .  
Coupl ing   of   the   chemis t ry  w i t h  t he   f l u id   dynamics   o f   t he   sys t em 
i s  accomplished by t h e  method  of   Reference  (16) .  This p rov ides  
t h a t  t h e  one-d imens iona l   chemis t ry   a long  a s t r e a m l i n e  may be 
c o u p l e d   d i r e c t l y  t o  t h e  two-dimensional m i x i n g  e q u a t i o n s ,  
T h e  hydrogen-a i r   chemis t ry   t ha t  i s  u s e d   h e r e ,   a s   w e l l   a s   t h e  
two-step subdomain  technique used f o r  i t s  c o m p u t a t i o n ,   a r e  b o t h  
g iven  i n  R e f e r e n c e   ( 1 6 ) .  
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The f l o w   c o n d i t i o n s   t h a t   a r e   i n v e s t i g a t e d   h e r e   a r e  
NMj = 1 . 5  
u j  = 12000  fps 
NMe 
u e  
= 4 .  
= 8700 ,   fp s  
r = 1 . 5  f t  i 
re  = 2 . 1  f t  
(43) 
T j  = 1111. O K  Te = 1089. " K  cf = 0.0025 2 
Arj = 0 . 1 1  f t  
I n  t h e   f i r s t   e x a m p l e   t h e   r i n g   j e t   i s   p l a c e d   n e a r   t h e   c e n t e r  
of   the  annulus   width a n d  t w o  c a s e s   a r e   p r e s e n t e d ,   o n e   w i t h  n o  
s w i r l  a n d  t h e   o t h e r   w i t h  W j  = 3300 f p s .  
T e m p e r a t u r e   p r o f i l e s   f o r   t h e s e  two c a s e s   a r e   q i v e n   i n   F i g u r e  
( 7 a , b ) .  I t   i s   s e e n  t h a t  the  combustion w i t h  swi r l   has   t aken  
p l a c e   f a s t e r  a n d  more un i fo rmly .  The t e m p e r a t u r e   p r o f i l e   w i t h  
swi r l   i s   a lmos t   comple t e ly   un i fo rm a t  a l l  b u t  t h e   i n n e r   r a d i u s  
r e g i o n   a f t e r   0 . 3 7   f t .  Tne i n n e r   a d i u s   r e g i o n   h a s   c h a r a c t e r i s t i c s  
s i m i l a r  t o  those   o f   the   zero   swir l   case   because   the   assumpt ion  
has  been made t h a t  t h e   f l o w   i s   s t a b l e   t h e r e .   T h i s   p r e v e n t s   t h e  
f l ame   f rom  pene t r a t ing   t he   f l u id   be tween   t he   i n j ec to r  a n d  t h e  
inne r   wa l l .   F igu re   (7c ,d )   dep ic t s   t he   hydrogen   spec ie s  ( H z ,  H, 
O H ,  H 2 0 )  d i s t r i b u t i o n  a t  x = O . 3 7  . f t .   f o r   t h e  two c a s e s .  I n  p a r -  
t i c u l a r ,  t h e  Hz0 a n d  H2 d i s t r i b u t i o n s   d e m o n s t r a t e  t h a t  burning 
i s  more r a p i d  a n d  u n i f o r m   f o r   t h e   s w i r l i n g   f u e l   j e t .  
40 
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F u r t h e r   i n d i c a t i o n   o f   t h e   e f f e c t s  o f  s w i r l   o n   c o m b u s t i o n   i n  
t h e   a n n u l a r   c h a n n e l   i s   g i v e n   b y   t h e   i n s i d e   w a l l   p r e s s u r e   d i s -  
t r i b u t i o n s ,   F i g u r e  ( 8 6 .  F o r   t h e   c a s e   w i t h   s w i r l  , t h e   p r e s s u r e  
r i s e   i n   t h e   c h a n n e l   i s   l i m i t e d   t o  a s m a l l   a x i a l   r e g i o n ,   s i m i l a r  
t o  a p r e m i x e d   c a s e ,   i n d i c a t i t l g   t h a t   t h e   e n t i r e   m i x t u r e   i s   b u r n e d  
r e 1   a t i v e l y   u n i f o r m l y .   T h e   z e r o   s w i r l   c a s e   h a s  a g r a d u a l  
i n c r e a s e   i n   t h e   p r e s s u r e   c o r r e s p o n d i n g   t o  a c o m b u s t i o n   p r o c e s s  
t h a t  i s  s t i l l  v e r y  n i u c h   c o u p l e d   t o   m i x i n g   a n d   w h e r e   ' b u r n i ' n g   i s  
t a k i n g   p l a c e   f o r  some d i s t a n c e   d o w n s t r e a m .   T h e   d i s t a n c e   f o r  
c o m p l e t e   c o m b u s t i o n   a p p e a r s   t o . h a v e   b e e n   r e d u c e d   i n   h a l f   b y  
t h e   a d d i t i o n   o f  s w i r l  t o   t h e   h y d r o g e n   j e t .  
T h e   c o m b u s t i o n   w i t h   s w i r l   c a n   b e  m a d e   e v e n   m o r e   u n i f o r m   b y  
i n t r o d u c i n g   e n o u g h   s w i r l   t o   t h e   a i r   b e t w e e n   t h e   i n n e r   w a l l  
a n d   f u e l   j e t   t o  make t h i s   r e g i o n   r o t a t i o n a l l y   u n s t a b l e   w i t h  
r e s p e c t   t o   t h e   f u e l   j e t .   T h i s   h a s   t h e   e f f e c t   o f   i n c r e a s i n g  
t h e   t u r b u l e n t   t r a n s p o r t   n e a r   t h e   i n s i d e   w a l l .  
t h e   o u t e r   r e g i o n   i s   m o r e   r a p i d   t h a n  
p r o p e r  p l a c e m e n t  o f  t h e  j e t  may o p t  
t e r i s i t i c s .  
A n o t h e r   m e t h o d  o f  o b t a i n i n g   b e t t e r   m i x i n g  i s  t o   l o c a t e   t h e  
f u e l   j e t   c l o s e r  t'o t h e   i n n e r   r a d i u s .   S i n c e   t h e   m i ' x i i n g   i n  
t h a t   o f   t h e   i n n e r   r e g i o n ,  
i o n   c h a r a c -  
A f i r s t  a t t e m p t  a t  t h i s  was  made b y  
imi ze cambus t  
l o c a t i n g   t h e  r i n g  j e t  
a b o u t  0 . 2  f t .  i n s i d e   t h e   l o c a t i o n   o f   t h e   p r e v i o u s   c a s e .   I n  
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SUPERSONIC  COMBUSTION 
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F i g u r e   ( s a )  i t  i s  seen t h a t  t h i s  p l a c e m e n t  may be t o o   n e a r  
t h e  i n s i d e  w a l l  s i n c e  t h e  f l a m e   d o e s  n o t  r e a c h   t h e   o u t e r  
w a l l   a s   r a p i d l y   a s   b e f o r e   a n d  t h e  inner  w a l l   t e m p e r a t u r e  
has  been r a i s e d   v e r y   l i t t l e ,  This i s  p r o b a b l y   c a u s e d   b y . t o o  
r i c h  a f u e l  mixture a t  t h e  i n n e r   w a l l .  
The j e t  was t h e n  p l a c e d   h a l f  way b e t w e e n   t h e   l o c a t i o n   o f  t h e  
t w o  p r e v i o u s   c a s e s .   I n   F i g u r e   ( 9 b )  i t  c a n   b e   s e e n   t h a t ,   a l -  
t h o u g h  t h e  c o m b u s t i o n   l e n g t h   h a s   n o t   b e e n   r e d u c e d ,  t h e  t e m p e r -  
a t u r e  p r o f i l e  a t  x = O . 8 3  f t .  i s  now u n i f o r m   o v e r   t h e   e n t i r e  
w i d t h  o f   t h e   c o m b u s t o r .  
T h u s  i t   a p p e a r s   t h a t   s w i r l ,   a l o n g  w i t h  i n j e c t o r   l o c a t i o n ,   c a n  
g r o s s l y   e f f e c t  t h e  c o m b u s t i o n   p r o c e s s  by a l t e r i n g   r e s u l t i n g  
t e m p e r a t u r e   d i s t r i b u t i o n s   a n d   t h e   c o m b u s t i o n   l e n g t h .  
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V .  C O N C L U S I O N S  
A g e n e r a l   f o r m u l a t i o n   o f  some e f f e c t s   o f   s w i r l   o n   t u r b u l e n t  
m i x i n g  has   been   g iven . .  The b a s i s   f o r   t h e   a n a l y s i s   i s   t h a t  
momentum t r a n s p o r t  i s  enhanced  by t u r b u l e n c e   r e s u l t i n g   f r o m  
r o t a t i o n a l   i n s t a b i l i t y  o f  t h e  f l u i d   f i e l d .  
A n  a p p r o p r i a t e   f o r m   f o r  the t u r b u l e n t   e d d y   v i s c o s i t y   i s  o b -  
t a i n e d  by m i x i n g   l e n g t h   t y p e   a r g u m e n t s .   T h e   r e s u l t   a k e s  
the   fo rm  o f  a c o r r e c t i v e   f a c t o r   t h a t   i s  a f u n c t i o n   o f   t h e  
s w i r l   a n d   a c t s  t o  i n c r e a s e   t h e   d d y   v i s c o s i t y .  The f a c t o r  
i s   b a s e d  u p o n  t h e   i n i t i a l  m i x i n g  c o n d i t i o n s   i m p l y i n g  t h a t  
t h e  r o t a t i o n a l   t u r b u l e n c e   d e c a y s  i n  a m a n n e r   s i m i l a r  t o  t h a t  
o f  f r e e   s h e a r   t u r b u l e n c e .  
E x i s t i n g   e x n e r i m e n t a l   d a t a   f o r   f r e e   j e t   c o m b u s t i o n   h a v e  
a d e q u a t e l y   m a t c h e d  by u s i n g  t h e  f a c t o r  ( 1  + 9 0 / N R o  
r e l a t e   t h e   e f f e c t s  o f  s w i r l  o n  e d d y   v i s c o s i t y .  
2 ) L ,  t o  
The  model   has   been  extended  and  appl ied t o  t h e   s u p e r s o n i c  
combust ion   of  a r i n g  j e t  o f  h y d r o g e n   i n j e c t e d  i n t o  a c o n s t a n t  
a r e a   a n n u l a r   a i r   s t r e a m .  The c o m p u t a t i o n s   d e m o n s t r a t e d   t h a t  
s w i r l i n g  t h e  f l o w   c o u l d  
(1)  r e d u c e   t h e  b u r n i n g  l e n g t h  by o n e  h a l f  
(‘2) r e s u l t  i n  more   un i form b u r n i n g  a c r o s s   t h e  
a n n u l u s  w i d t h  
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( 3 )  o p e n   t h e   p o s s i b i l i t y  o f  o p t i m i z a t i o n  o f  t h e  
c o m b u s t i o n   c h a r a c t e r i s t i c s  by l o c a t i n g   t h e  
f u e l  j e t  be tween  the   inner   wal l  a n d  c e n t e r  of 
the   annulus   wid th .  
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